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Motivation

1.3 Leptonic and semileptonic meson decays

With experimental measurements of the inclusive Kl2 and πl2 decay rates and precise

knowledge of the radiative corrections, eq. (1.83) can be used to obtain the value of

the product |Vus/Vud|2 × f2
K/f2

π , from which one can estimate Vus once estimated the

ratio fK/fπ on the lattice.

1.3.2 Semileptonic Kaon decays

Semileptonic decays are processes in which the final state is composed of leptons

and hadrons; among them one can quote

N → N ′ + e± + νe(ν̄e) (1.85)

π+ → π0 + e+ + νe (1.86)

k+ → π0 + e+ + νe (1.87)

D+ → K̄0 + e+ + ν̄e (1.88)

where N is a generic nucleus and N ′ differs from N by one u → d in the valence content.

In each decay the quark underlying process is q → q′′lνl and the quark q′ participate

only as spectator (see fig. 1.4).

Figure 1.4: Semileptonic decay prototype - Feynman diagram which contribute to

the semileptonic decay process M → M ′lν̄l. The hadronic part (bottom) must be evaluated

by means of non perturbative methods.

In this case the situation is much more complicated, with respect to the leptonic

case, because of the composition of the final state (leptons plus an hadron); writing

25

Extracting f+(0) from Lattice QCD allows us to estimate |Vus|

4 Leptonic and semileptonic kaon and pion decay and |Vud| and

|Vus|

This section summarises state-of-the art lattice calculations of the leptonic kaon and pion
decay constants and kaon the semileptonic decay form factor and provides an analysis in view
of the Standard Model. With respect to the previous edition of FLAG [1] the data in this
section has been updated, correlations of lattice data are now taken into account in all the
analysis and a sub-section on the individual decay constants fK and fπ (rather than only
the ratio) has been included. Furthermore, when combining lattice data with experimental
results we now take into account the strong SU(2) isospin correction in chiral perturbation
theory for the ratio of leptonic decay constants fK/fπ.

4.1 Experimental information concerning |Vud|, |Vus|, f+(0) and fK±/fπ±

The following review relies on the fact that precision experimental data on kaon decays very
accurately determine the product |Vus|f+(0) and the ratio |Vus/Vud|fK±/fπ± [2]:

|Vus|f+(0) = 0.2163(5) ,

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

fK±

fπ±
= 0.2758(5) . (1)

Here and in the following fK± and fπ± are the isospin broken decay constants, respectively, in
QCD (the electromagnetic effects have already been subtracted in the experimental analysis
using chiral perturbation theory). We will refer to the decay constants in the SU(2)-isospin
symmetric limit as fK and fπ. |Vud| and |Vus| are elements of the Cabibbo-Kobayashi-
Maskawa matrix and f+(t) represents one of the form factors relevant for the semileptonic
decay K0 → π−" ν, which depends on the momentum transfer t between the two mesons.
What matters here is the value at t = 0: f+(0) ≡ fK0π−

+ (t)
t→0

. The pion and kaon decay

constants are defined by1

〈0|dγµγ5 u|π+(p)〉 = i pµfπ+ , 〈0| sγµγ5 u|K+(p)〉 = i pµfK+ .

In this normalization, fπ± % 130 MeV, fK± % 155 MeV.
The measurement of |Vud| based on superallowed nuclear β transitions has now become

remarkably precise. The result of the update of Hardy and Towner [8], which is based on 20
different superallowed transitions, reads2

|Vud| = 0.97425(22) . (2)

The matrix element |Vus| can be determined from semi-inclusive τ decays [15–18]. Sep-
arating the inclusive decay τ → hadrons + ν into non-strange and strange final states, e.g.

1The pion decay constant represents a QCD-matrix-element – in the full Standard Model, the one-pion
state is not a meaningful notion: the correlation function of the charged axial current does not have a pole at
p2 = M2

π+ , but a branch cut extending from M2
π+ to ∞. The analytic properties of the correlation function

and the problems encountered in the determination of fπ are thoroughly discussed in [3]. The “experimental”
value of fπ depends on the convention used when splitting the sum LQCD + LQED into two parts (compare
section 3.1). The lattice determinations of fπ do not yet reach the accuracy where this is of significance, but
at the precision claimed by the Particle Data Group [4], the numerical value does depend on the convention
used [3, 5–7].

2It is not a trivial matter to perform the data analysis at this precision. In particular, isospin breaking
effects need to be properly accounted for [9–13]. For a review of recent work on this issue, we refer to [14].

1

Experimental average

Precise determination of the CKM matrix element is 
important to test the SM 

Semileptonic decay rate :
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Simulation Details

Something on the action:

✦ Wilson Twisted Mass action at maximal twist with 
Nf=2+1+1 sea quarks 

✦ Osterwalder-Seiler valence quark action

✦ Iwasaki gluon action
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Simulation Details

The valence light quark mass is put equal to the sea quark mass

Details of the ensembles used in this Nf  =2+1+1 analysis

PRA027
”QCD simulations for flavor physics 
in the Standard Model and beyond”
(35 millions of core-hours at the BG/
P system in Julich from December 
2010 to March 2011)

β L(fm) Mπ(MeV) MπL
1.90 2.84 245.41 3.53

282.13 4.06
314.43 4.53

1.90 2.13 282.13 3.05
343.68 3.71
396.04 4.27
442.99 4.78

1.95 2.61 238.67 3.16
280.95 3.72
350.12 4.64
408.13 5.41

1.95 1.96 434.63 4.32
2.10 2.97 211.18 3.19

242.80 3.66
295.55 4.46

β V/a4 θ

1.90 323 × 64 0.0, ±0.400,

±0.933, ±1.733

243 × 48 0.0, ±0.300,

±0.700, ±1.300

1.95 323 × 64 0.0, ±0.366,

±0.854, ±1.588

243 × 48 0.0, ±0.275,

±0.641, ±1.191

2.10 483 × 96 0.0, ±0.424,

±0.986, ±1.832

Table 1: Input values for θ for each β and volume.

ensemble β V/a4 aµsea = aµl aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.0145, 0.1800, 0.2200,

A40.32 0.0040 90 0.0185, 0.2600, 0.3000,

A50.32 0.0050 150 0.0225 0.3600, 0.4400

A40.24 1.90 243 × 48 0.0040 0.15 0.19 150

A60.24 0.0060 150

A80.24 0.0080 150

A100.24 0.0100 150

B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.0141, 0.1750, 0.2140,

B35.32 0.0035 150 0.0180, 0.2530, 0.2920,

B55.32 0.0055 150 0.0219 0.3510, 0.4290

B75.32 0.0075 75

B85.24 1.95 243 × 48 0.0085 0.135 0.170 150

D15.48 2.10 483 × 96 0.0015 0.12 0.1385 60 0.0118, 0.1470, 0.1795,

D20.48 0.0020 90 0.0151, 0.2120, 0.2450,

D30.48 0.0030 90 0.0184 0.2945, 0.3595

Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.

3

Range of the simulated pion masses

Table 3: Comparison between different FSE corrections

Quantity No Correction GL CDH CWW

ml(MeV) 3.68(14) 3.76(14) 3.73(13) 3.72(13)

r0(fm) 0.464(12) 0.466(12) 0.468(12) 0.470(12)

l̄3 3.42(20) 3.35(20) 3.34(21) 3.24(25)

l̄4 4.83(9) 4.77(9) 4.76(9) 4.69(10)

B0(MeV) 2548(99) 2497(97) 2500(93) 2515(90)

f0(MeV) 120.8(1) 120.9(1) 120.9(1) 121.1(2)

Table 4: Comparison between different fits

Quantity CWW CWW+Baer

ml(MeV) 3.66(13) 3.72(13)

r0(fm) 0.466(12) 0.470(12)

l̄3 3.45(22) 3.24(25)

l̄4 4.78(9) 4.69(10)

Table 5: Comparison between different analysis

r0 Analysis M<ss> Analysis

Quantity Chiral Fit Polynomial Fit Chiral Fit Polynomial Fit

ml(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)

r0(GeV −1
) 2.39(6) 2.42(7) - -

r0(fm) 0.470(12) 0.477(14) - -

Mss(GeV ) - - 0.672(9) 0.654(10)

a(β = 1.90)(fm) 0.0886(27) 0.0899(31) 0.0868(33) 0.0892(34)

a(β = 1.95)(fm) 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)

a(β = 2.10)(fm) 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)

B0(MeV) 2515(90) - 2551(73) -

f0(MeV) 121.1(2) - 121.3(2) -

l̄3 3.24(25) - 2.94(20) -

l̄4 4.69(10) - 4.65(8) -

Table 6: Comparison between different analysis
Lattice Spacings

a(β = 1.90) 0.0885(36)fm

a(β = 1.95) 0.0815(30)fm

a(β = 2.10) 0.0619(18)fm

Table 7: Comparison between different fits

Quantity No Correction GL CDH

ms(MeV) 101.1(4.4) 101.1(4.4) 101.6(4.4)

fK(MeV) 151.8(2.6) 152.2(2.6) 152.3(2.6)

fK/fπ 1.164(20) 1.167(20) 1.168(20)

2
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Simulation Details

The valence light quark mass is put equal to the sea quark mass

Details of the ensembles used in this Nf  =2+1+1 analysis

PRA027
”QCD simulations for flavor physics 
in the Standard Model and beyond”
(35 millions of core-hours at the BG/
P system in Julich from December 
2010 to March 2011)

β L(fm) Mπ(MeV) MπL
1.90 2.84 245.41 3.53

282.13 4.06
314.43 4.53

1.90 2.13 282.13 3.05
343.68 3.71
396.04 4.27
442.99 4.78

1.95 2.61 238.67 3.16
280.95 3.72
350.12 4.64
408.13 5.41

1.95 1.96 434.63 4.32
2.10 2.97 211.18 3.19

242.80 3.66
295.55 4.46

β V/a4 θ

1.90 323 × 64 0.0, ±0.400,

±0.933, ±1.733

243 × 48 0.0, ±0.300,

±0.700, ±1.300

1.95 323 × 64 0.0, ±0.366,

±0.854, ±1.588

243 × 48 0.0, ±0.275,

±0.641, ±1.191

2.10 483 × 96 0.0, ±0.424,

±0.986, ±1.832

Table 1: Input values for θ for each β and volume.

ensemble β V/a4 aµsea = aµl aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.0145, 0.1800, 0.2200,

A40.32 0.0040 90 0.0185, 0.2600, 0.3000,

A50.32 0.0050 150 0.0225 0.3600, 0.4400

A40.24 1.90 243 × 48 0.0040 0.15 0.19 150

A60.24 0.0060 150

A80.24 0.0080 150

A100.24 0.0100 150

B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.0141, 0.1750, 0.2140,

B35.32 0.0035 150 0.0180, 0.2530, 0.2920,

B55.32 0.0055 150 0.0219 0.3510, 0.4290

B75.32 0.0075 75

B85.24 1.95 243 × 48 0.0085 0.135 0.170 150

D15.48 2.10 483 × 96 0.0015 0.12 0.1385 60 0.0118, 0.1470, 0.1795,

D20.48 0.0020 90 0.0151, 0.2120, 0.2450,

D30.48 0.0030 90 0.0184 0.2945, 0.3595

Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.

3

Range of the simulated pion masses

Table 3: Comparison between different FSE corrections

Quantity No Correction GL CDH CWW

ml(MeV) 3.68(14) 3.76(14) 3.73(13) 3.72(13)

r0(fm) 0.464(12) 0.466(12) 0.468(12) 0.470(12)

l̄3 3.42(20) 3.35(20) 3.34(21) 3.24(25)

l̄4 4.83(9) 4.77(9) 4.76(9) 4.69(10)

B0(MeV) 2548(99) 2497(97) 2500(93) 2515(90)

f0(MeV) 120.8(1) 120.9(1) 120.9(1) 121.1(2)

Table 4: Comparison between different fits

Quantity CWW CWW+Baer

ml(MeV) 3.66(13) 3.72(13)

r0(fm) 0.466(12) 0.470(12)

l̄3 3.45(22) 3.24(25)

l̄4 4.78(9) 4.69(10)

Table 5: Comparison between different analysis

r0 Analysis M<ss> Analysis

Quantity Chiral Fit Polynomial Fit Chiral Fit Polynomial Fit

ml(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)

r0(GeV −1
) 2.39(6) 2.42(7) - -

r0(fm) 0.470(12) 0.477(14) - -

Mss(GeV ) - - 0.672(9) 0.654(10)

a(β = 1.90)(fm) 0.0886(27) 0.0899(31) 0.0868(33) 0.0892(34)

a(β = 1.95)(fm) 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)

a(β = 2.10)(fm) 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)

B0(MeV) 2515(90) - 2551(73) -

f0(MeV) 121.1(2) - 121.3(2) -

l̄3 3.24(25) - 2.94(20) -

l̄4 4.69(10) - 4.65(8) -

Table 6: Comparison between different analysis
Lattice Spacings

a(β = 1.90) 0.0885(36)fm

a(β = 1.95) 0.0815(30)fm

a(β = 2.10) 0.0619(18)fm

Table 7: Comparison between different fits

Quantity No Correction GL CDH

ms(MeV) 101.1(4.4) 101.1(4.4) 101.6(4.4)

fK(MeV) 151.8(2.6) 152.2(2.6) 152.3(2.6)

fK/fπ 1.164(20) 1.167(20) 1.168(20)
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Three different values of the lattice 
spacing: 0.06 fm ÷ 0.09 fm
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Simulation Details

The valence light quark mass is put equal to the sea quark mass

Details of the ensembles used in this Nf  =2+1+1 analysis

PRA027
”QCD simulations for flavor physics 
in the Standard Model and beyond”
(35 millions of core-hours at the BG/
P system in Julich from December 
2010 to March 2011)

β L(fm) Mπ(MeV) MπL
1.90 2.84 245.41 3.53

282.13 4.06
314.43 4.53

1.90 2.13 282.13 3.05
343.68 3.71
396.04 4.27
442.99 4.78

1.95 2.61 238.67 3.16
280.95 3.72
350.12 4.64
408.13 5.41

1.95 1.96 434.63 4.32
2.10 2.97 211.18 3.19

242.80 3.66
295.55 4.46

β V/a4 θ

1.90 323 × 64 0.0, ±0.400,

±0.933, ±1.733

243 × 48 0.0, ±0.300,

±0.700, ±1.300

1.95 323 × 64 0.0, ±0.366,

±0.854, ±1.588

243 × 48 0.0, ±0.275,

±0.641, ±1.191

2.10 483 × 96 0.0, ±0.424,

±0.986, ±1.832

Table 1: Input values for θ for each β and volume.

ensemble β V/a4 aµsea = aµl aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.0145, 0.1800, 0.2200,

A40.32 0.0040 90 0.0185, 0.2600, 0.3000,

A50.32 0.0050 150 0.0225 0.3600, 0.4400

A40.24 1.90 243 × 48 0.0040 0.15 0.19 150

A60.24 0.0060 150

A80.24 0.0080 150

A100.24 0.0100 150

B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.0141, 0.1750, 0.2140,

B35.32 0.0035 150 0.0180, 0.2530, 0.2920,

B55.32 0.0055 150 0.0219 0.3510, 0.4290

B75.32 0.0075 75

B85.24 1.95 243 × 48 0.0085 0.135 0.170 150

D15.48 2.10 483 × 96 0.0015 0.12 0.1385 60 0.0118, 0.1470, 0.1795,

D20.48 0.0020 90 0.0151, 0.2120, 0.2450,

D30.48 0.0030 90 0.0184 0.2945, 0.3595

Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.

3

Range of the simulated pion masses

Table 3: Comparison between different FSE corrections

Quantity No Correction GL CDH CWW

ml(MeV) 3.68(14) 3.76(14) 3.73(13) 3.72(13)

r0(fm) 0.464(12) 0.466(12) 0.468(12) 0.470(12)

l̄3 3.42(20) 3.35(20) 3.34(21) 3.24(25)

l̄4 4.83(9) 4.77(9) 4.76(9) 4.69(10)

B0(MeV) 2548(99) 2497(97) 2500(93) 2515(90)

f0(MeV) 120.8(1) 120.9(1) 120.9(1) 121.1(2)

Table 4: Comparison between different fits

Quantity CWW CWW+Baer

ml(MeV) 3.66(13) 3.72(13)

r0(fm) 0.466(12) 0.470(12)

l̄3 3.45(22) 3.24(25)

l̄4 4.78(9) 4.69(10)

Table 5: Comparison between different analysis

r0 Analysis M<ss> Analysis

Quantity Chiral Fit Polynomial Fit Chiral Fit Polynomial Fit

ml(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)

r0(GeV −1
) 2.39(6) 2.42(7) - -

r0(fm) 0.470(12) 0.477(14) - -

Mss(GeV ) - - 0.672(9) 0.654(10)

a(β = 1.90)(fm) 0.0886(27) 0.0899(31) 0.0868(33) 0.0892(34)

a(β = 1.95)(fm) 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)

a(β = 2.10)(fm) 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)

B0(MeV) 2515(90) - 2551(73) -

f0(MeV) 121.1(2) - 121.3(2) -

l̄3 3.24(25) - 2.94(20) -

l̄4 4.69(10) - 4.65(8) -

Table 6: Comparison between different analysis
Lattice Spacings

a(β = 1.90) 0.0885(36)fm

a(β = 1.95) 0.0815(30)fm

a(β = 2.10) 0.0619(18)fm

Table 7: Comparison between different fits

Quantity No Correction GL CDH

ms(MeV) 101.1(4.4) 101.1(4.4) 101.6(4.4)

fK(MeV) 151.8(2.6) 152.2(2.6) 152.3(2.6)

fK/fπ 1.164(20) 1.167(20) 1.168(20)

2

Different volumes: 2 fm ÷ 3 fm
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Simulation Details

The valence light quark mass is put equal to the sea quark mass

Details of the ensembles used in this Nf  =2+1+1 analysis

PRA027
”QCD simulations for flavor physics 
in the Standard Model and beyond”
(35 millions of core-hours at the BG/
P system in Julich from December 
2010 to March 2011)
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314.43 4.53

1.90 2.13 282.13 3.05
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±0.854, ±1.588

243 × 48 0.0, ±0.275,

±0.641, ±1.191

2.10 483 × 96 0.0, ±0.424,

±0.986, ±1.832

Table 1: Input values for θ for each β and volume.

ensemble β V/a4 aµsea = aµl aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.0145, 0.1800, 0.2200,

A40.32 0.0040 90 0.0185, 0.2600, 0.3000,

A50.32 0.0050 150 0.0225 0.3600, 0.4400

A40.24 1.90 243 × 48 0.0040 0.15 0.19 150
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A80.24 0.0080 150
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B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.0141, 0.1750, 0.2140,

B35.32 0.0035 150 0.0180, 0.2530, 0.2920,

B55.32 0.0055 150 0.0219 0.3510, 0.4290

B75.32 0.0075 75

B85.24 1.95 243 × 48 0.0085 0.135 0.170 150

D15.48 2.10 483 × 96 0.0015 0.12 0.1385 60 0.0118, 0.1470, 0.1795,

D20.48 0.0020 90 0.0151, 0.2120, 0.2450,

D30.48 0.0030 90 0.0184 0.2945, 0.3595

Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.

3

Range of the simulated pion masses

Table 3: Comparison between different FSE corrections

Quantity No Correction GL CDH CWW

ml(MeV) 3.68(14) 3.76(14) 3.73(13) 3.72(13)

r0(fm) 0.464(12) 0.466(12) 0.468(12) 0.470(12)

l̄3 3.42(20) 3.35(20) 3.34(21) 3.24(25)

l̄4 4.83(9) 4.77(9) 4.76(9) 4.69(10)

B0(MeV) 2548(99) 2497(97) 2500(93) 2515(90)

f0(MeV) 120.8(1) 120.9(1) 120.9(1) 121.1(2)

Table 4: Comparison between different fits

Quantity CWW CWW+Baer

ml(MeV) 3.66(13) 3.72(13)

r0(fm) 0.466(12) 0.470(12)

l̄3 3.45(22) 3.24(25)

l̄4 4.78(9) 4.69(10)

Table 5: Comparison between different analysis

r0 Analysis M<ss> Analysis

Quantity Chiral Fit Polynomial Fit Chiral Fit Polynomial Fit

ml(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)

r0(GeV −1
) 2.39(6) 2.42(7) - -

r0(fm) 0.470(12) 0.477(14) - -

Mss(GeV ) - - 0.672(9) 0.654(10)

a(β = 1.90)(fm) 0.0886(27) 0.0899(31) 0.0868(33) 0.0892(34)

a(β = 1.95)(fm) 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)

a(β = 2.10)(fm) 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)

B0(MeV) 2515(90) - 2551(73) -

f0(MeV) 121.1(2) - 121.3(2) -

l̄3 3.24(25) - 2.94(20) -

l̄4 4.69(10) - 4.65(8) -

Table 6: Comparison between different analysis
Lattice Spacings

a(β = 1.90) 0.0885(36)fm

a(β = 1.95) 0.0815(30)fm

a(β = 2.10) 0.0619(18)fm

Table 7: Comparison between different fits

Quantity No Correction GL CDH

ms(MeV) 101.1(4.4) 101.1(4.4) 101.6(4.4)

fK(MeV) 151.8(2.6) 152.2(2.6) 152.3(2.6)

fK/fπ 1.164(20) 1.167(20) 1.168(20)

2

Pion masses in range 210 ÷ 440 MeV
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Simulation Details

The valence light quark mass is put equal to the sea quark mass

Details of the ensembles used in this Nf  =2+1+1 analysis

PRA027
”QCD simulations for flavor physics 
in the Standard Model and beyond”
(35 millions of core-hours at the BG/
P system in Julich from December 
2010 to March 2011)

β V/a4 θ

1.90 323 × 64 0.0, ±0.400,

±0.933, ±1.733

243 × 48 0.0, ±0.300,

±0.700, ±1.300

1.95 323 × 64 0.0, ±0.366,

±0.854, ±1.588

243 × 48 0.0, ±0.275,

±0.641, ±1.191

2.10 483 × 96 0.0, ±0.424,

±0.986, ±1.832

Table 1: Input values for θ for each β and volume.

ensemble β V/a4 aµsea = aµl aµσ aµδ Ncfg aµs aµc

A30.32 1.90 323 × 64 0.0030 0.15 0.19 150 0.0145, 0.1800, 0.2200,

A40.32 0.0040 90 0.0185, 0.2600, 0.3000,

A50.32 0.0050 150 0.0225 0.3600, 0.4400

A40.24 1.90 243 × 48 0.0040 0.15 0.19 150

A60.24 0.0060 150

A80.24 0.0080 150

A100.24 0.0100 150

B25.32 1.95 323 × 64 0.0025 0.135 0.170 150 0.0141, 0.1750, 0.2140,

B35.32 0.0035 150 0.0180, 0.2530, 0.2920,

B55.32 0.0055 150 0.0219 0.3510, 0.4290

B75.32 0.0075 75

B85.24 1.95 243 × 48 0.0085 0.135 0.170 150

D15.48 2.10 483 × 96 0.0015 0.12 0.1385 60 0.0118, 0.1470, 0.1795,

D20.48 0.0020 90 0.0151, 0.2120, 0.2450,

D30.48 0.0030 90 0.0184 0.2945, 0.3595

Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.
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Table 2: Values of the simulated sea and valence quark bare masses for each gauge ensemble

used in this work.

3

To inject momenta we used 
non-periodic boundary conditions
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General strategy

✦ we used the ratio

extract the matrix element                          from appropriate ratio 
of three-points correlation function to build f0(q2) and f+(q2)

✦ z expansion     

✦ Polynomial fit

Fit simultaneously f0(q2) and f+(q2) to get f0(0)=f+(0)

✦ SU(2) ChPT

✦ SU(3) ChPT 

Perform the Chiral and continuum extrapolation of f(0)
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We define the ratio:

The matrix element of the vector current between two PS mesons decomposes into two form factors

depending on the momentum transfer

The matrix element can be derived in lattice QCD from a combination of Euclidean three-point functions
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in which the renormalization ZV and ZK and Zπ cancels
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We can define V0 and V1 related to the form factors by the relations

The matrix element of the vector current between two PS mesons decomposes into two form factors

2−punti e 3−punti

CKπ
µ

�
tx, ty, �p, �p

�
�

−−−−−−−−−−−−−−−→
tx→∞ (tx−ty)→∞

√
ZKZπ

4EKEπ

�
π
�
p�
��� V̂µ |K (p)� e−EK tx−Eπ(tx−ty) (1)

CK(π)
�
t, �p

�
�p

�
��

−−−→
t→∞

ZK(π)

2EK(π)
e−EK(π)t (2)

espressione di f+ ,f− e f0 come funzione del doppio rapporto
�
π
�
p�
��� Vµ |K (p)� =

�
pµ + p�µ

�
f+

�
q2
�
+
�
pµ − p�µ

�
f−

�
q2
�

(3)

q2 =
�
E − E��2 −

�
pi − p�i

�2
(4)

Rµ =
�π (p�)| Vµ |K (p)� �K (p)| Vµ |π (p�)�
�π (p�)| Vµ |π (p�)� �K (p)| Vµ |K (p)� (5)

R0 =

�
(E + E�) f+

�
q2
�
+ (E − E�) f−

�
q2
��2

4EE� for µ = 0 (6)

Ri =

�
(pi + p�i) f+

�
q2
�
+ (pi − p�i) f−

�
q2
��2

4pip�i
for µ = i (7)

V0 = 2
�
R0

√
EE� (8)

Vi = 2
�
Ri

�
pip�i (9)

f+
�
q2
�
=

(E − E�)Vi − (pi − p�i)V0

2Ep�i − 2E�pi
(10)

f−
�
q2
�
=

(pi + p�i)V0 − (E + E�)Vi

2Ep�i − 2E�pi
(11)

f0
�
q2
�
= f+

�
q2
�
+

q2

m2
K −m2

π
f−

�
q2
�

(12)

1

2−punti e 3−punti

CKπ
µ

�
tx, ty, �p, �p

�
�

−−−−−−−−−−−−−−−→
tx→∞ (tx−ty)→∞

√
ZKZπ

4EKEπ

�
π
�
p�
��� V̂µ |K (p)� e−EK tx−Eπ(tx−ty) (1)

CK(π)
�
t, �p

�
�p

�
��

−−−→
t→∞

ZK(π)

2EK(π)
e−EK(π)t (2)

espressione di f+ ,f− e f0 come funzione del doppio rapporto
�
π
�
p�
��� Vµ |K (p)� =

�
pµ + p�µ

�
f+

�
q2
�
+
�
pµ − p�µ

�
f−

�
q2
�

(3)

q2 =
�
E − E��2 −

�
pi − p�i

�2
(4)

Rµ =
�π (p�)| Vµ |K (p)� �K (p)| Vµ |π (p�)�
�π (p�)| Vµ |π (p�)� �K (p)| Vµ |K (p)� (5)

R0 =

�
(E + E�) f+

�
q2
�
+ (E − E�) f−

�
q2
��2

4EE� for µ = 0 (6)

Ri =

�
(pi + p�i) f+

�
q2
�
+ (pi − p�i) f−

�
q2
��2

4pip�i
for µ = i (7)

V0 = 2
�
R0

√
EE� (8)

Vi = 2
�
Ri

�
pip�i (9)

f+
�
q2
�
=

(E − E�)Vi − (pi − p�i)V0

2Ep�i − 2E�pi
(10)

f−
�
q2
�
=

(pi + p�i)V0 − (E + E�)Vi

2Ep�i − 2E�pi
(11)

f0
�
q2
�
= f+

�
q2
�
+

q2

m2
K −m2

π
f−

�
q2
�

(12)

1

2−punti e 3−punti

CKπ
µ

�
tx, ty, �p, �p

�
�

−−−−−−−−−−−−−−−→
tx→∞ (tx−ty)→∞

√
ZKZπ

4EKEπ

�
π
�
p�
��� V̂µ |K (p)� e−EK tx−Eπ(tx−ty) (1)

CK(π)
�
t, �p

�
�p

�
��

−−−→
t→∞

ZK(π)

2EK(π)
e−EK(π)t (2)

espressione di f+ ,f− e f0 come funzione del doppio rapporto
�
π
�
p�
��� Vµ |K (p)� =

�
pµ + p�µ

�
f+

�
q2
�
+
�
pµ − p�µ

�
f−

�
q2
�

(3)

q2 =
�
E − E��2 −

�
pi − p�i

�2
(4)

Rµ =
�π (p�)| Vµ |K (p)� �K (p)| Vµ |π (p�)�
�π (p�)| Vµ |π (p�)� �K (p)| Vµ |K (p)� (5)

R0 =

�
(E + E�) f+

�
q2
�
+ (E − E�) f−

�
q2
��2

4EE� for µ = 0 (6)

Ri =

�
(pi + p�i) f+

�
q2
�
+ (pi − p�i) f−

�
q2
��2

4pip�i
for µ = i (7)

V0 = 2
�
R0

√
EE� (8)

Vi = 2
�
Ri

�
pip�i (9)

f+
�
q2
�
=

(E − E�)Vi − (pi − p�i)V0

2Ep�i − 2E�pi
(10)

f−
�
q2
�
=

(pi + p�i)V0 − (E + E�)Vi

2Ep�i − 2E�pi
(11)

f0
�
q2
�
= f+

�
q2
�
+

q2

m2
K −m2

π
f−

�
q2
�

(12)

1

✦ V0 and Vi are extracted from the double ratio of the three-points 
correlation function

✦ momenta are fixed by the non-periodic boundary conditions

✦ energies are extracted from the dispersion relation with the 
masses  obtained fitting the two-points correlation function at rest

and resolving the system we obtain:
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example of plateaux of the effective mass of a two-points correlation function at zero 
momentum 
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two different chiral extrapolations.

β ZMS
P (2 GeV)(M1) ZMS

P (2 GeV)(M2) r0/a
1.90 0.529(7) 0.574(4) 5.31(8)
1.95 0.509(4) 0.546(2) 5.77(6)
2.10 0.516(2) 0.545(2) 7.60(8)

Table 3. Input values for the renormalization constant ZMS
P (2 GeV), corresponding to the methods M1 and M2 (see Appendix Appendix A), and

the chirally extrapolated values of r0/a for each value of β (see text).

Since the renormalization constants ZP and the values of r0/a have been evaluated using different ensembles
of gauge configurations, their uncertainties have been taken into account in the fitting procedures as follows. First
we generated randomly a set of values of (r0/a)i and (ZP)i for the bootstrap event i assuming gaussian distributions
corresponding to the central values and the standard deviations given in Table 3. Then we added in the definition of
the χ2 the following contribution

�
β

�
(r0/a) f it

i − (r0/a)i

�2

σ2
r0/a

+
�
β

�
(ZP) f it

i − (ZP)i

�2

σ2
ZP

, (11)

where (r0/a) f it
i and (ZP) f it

i are free parameters of the fitting procedure for the bootstrap event i. The use of Eq. (11)
allows the quantities r0/a and ZP to slightly change from their central values (in the given bootstrap event) with a
weight in the χ2 given by their uncertainties. This procedure corresponds to impose a gaussian prior for ZP and r0/a.

Before closing this section we have collected in Table 4 the time intervals (conservatively) adopted for the extrac-
tion of the PS meson masses (and of the pion decay constant) from the 2-point correlators at each β and lattice volume
in the light, strange and charm sectors.

β V/a4 [tmin, tmax](��,�s)/a [tmin, tmax](�c,sc)/a
1.90 243 × 48 [12, 23] [16, 23]
1.90 323 × 64 [12, 31] [15, 31]
1.95 243 × 48 [13, 23] [18, 23]
1.95 323 × 64 [13, 31] [18, 31]
2.10 483 × 96 [18, 40] [23, 40]

Table 4. Time intervals [tmin, tmax]/a adopted for the extraction of the PS meson masses (and of the pion decay constant) from the 2-point correlators
in the light (�), strange (s) and charm (c) sectors.

3. Average up and down quark mass

For each ensemble we computed the 2-point PS correlators defined as

C(t) =
1
L3

�

�x,�z

�0| P5(x)P†5(z) |0� δt,(tx−tz) , (12)

where P5(x) = u(x)γ5d(x)1. As it is well known at large time distances one has

C(t) −−−−−−−−−−−−−→
t�a, (T−t)�a

Zπ
2Mπ

�
e−Mπt + e−Mπ(T−t)

�
, (13)

1We remind that the Wilson parameters of the two valence quarks in any PS meson considered in this work are always chosen to have opposite
values.

6

The fit intervals for the two-point correlation functions 
at rest are the one reported in [arXiv:1403.4504] 
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Extracting f(0)
We fitted simultaneously f+(q2) and f0(q2) to extract f(0) using the z expansion *

to interpolate at q2=0 we neglect the points corresponding to large negative q2

Ensemble A.60.24 aµs=0.0225

with

*  Bourrely Caprini and Lellouch 
    [Phys.Rev. D79 (2009) 013008]
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Extracting f(0)
We fitted simultaneously f+(q2) and f0(q2) to extract f(0) using the z expansion

The fit works well even for a larger 
range in q2 

Ensemble A.60.24 aµs=0.0225

f(0)=0.9880(7) large range in q2

f(0)=0.9872(9) small range in q2

to interpolate at q2=0 we neglect the points corresponding to large negative q2
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Extracting f(0)
We fitted simultaneously f+(q2) and f0(q2) to extract f(0) using the z expansion

The results obtained with polynomial 
fit formulae are also compatible
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f(0)=0.9880(7) polar fit in q2

f(0)=0.9877(7) polynomial fit in q2
Fit simultaneo in q2 di f+ e f0

f+(q
2) =

f(0)

1− q2

MV

(13)

f0(q
2) =

f(0)

1− q2

MS

(14)

f+(q
2) = f(0)

�
1 + P1q

2 + P2q
4
�

(15)

f0(q
2) = f(0)

�
1 + P3q

2 + P4q
4
�

(16)

Fit in ml e a2 di f(0) con la formula SU(2)

f+(0) = F
+
0

�
1− 3

4
ξ log ξ + P2ξ + P3a

2

�
(17)

Fit in ml e a2 di f(0) con la formula “SU(3)”

f+(0) = 1 + f2 +∆f (18)

f
fullQCD
2 =

3

2
HπK +

3

2
HηK (19)

HPQ = − 1

64π2f2
π

�
M

2
P +M

2
Q +

2M2
PM

2
Q

M
2
P −M

2
Q

log
M

2
Q

M
2
P

�
(20)

f
phys
2 = − 0.026 (21)

∆f = ∆0 +∆1ξ +∆2ξ
2 +∆3 log ξ +∆4a

2 (22)

∆f =
�
M

2
K −M

2
π

� �
∆0 +∆1

�
M

2
K +M

2
π

��
(23)

tabelle

2

Fit simultaneo in q2 di f+ e f0

f+(q
2) =

f(0)

1− q2

MV

(13)

f0(q
2) =

f(0)

1− q2

MS

(14)

f+(q
2) = f(0)

�
1 + P1q

2 + P2q
4
�

(15)

f0(q
2) = f(0)

�
1 + P3q

2 + P4q
4
�

(16)

Fit in ml e a2 di f(0) con la formula SU(2)

f+(0) = F
+
0

�
1− 3

4
ξ log ξ + P2ξ + P3a

2

�
(17)

Fit in ml e a2 di f(0) con la formula “SU(3)”

f+(0) = 1 + f2 +∆f (18)

f
fullQCD
2 =

3

2
HπK +

3

2
HηK (19)

HPQ = − 1

64π2f2
π

�
M

2
P +M

2
Q +

2M2
PM

2
Q

M
2
P −M

2
Q

log
M

2
Q

M
2
P

�
(20)

f
phys
2 = − 0.026 (21)

∆f = ∆0 +∆1ξ +∆2ξ
2 +∆3 log ξ +∆4a

2 (22)

∆f =
�
M

2
K −M

2
π

� �
∆0 +∆1

�
M

2
K +M

2
π

��
(23)

tabelle

2

to interpolate at q2=0 we neglect the points corresponding to large negative q2

giovedì 26 giugno 2014



f+(0) Chiral and continuum extrapolation 

✦ SU(3) ChPT (at fixed ms)

✦ SU(2) ChPT   

Two different approaches for the chiral extrapolation
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Figure 3.2: Chiral and continuum extrapolation of r0M2
π/ml based on the NLO ChPT fit

given by Eq. (3.12). Lattice data have been corrected for FSE using the CWW approach.
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Figure 3.3: The same as in Fig. 3.2, but for the decay constant r0fπ.

The dependence of our lattice data for r0M2
π/ml and r0fπ on the renormalized quark

mass r0ml is shown at each lattice spacing in Figs. 3.2 and 3.3, respectively. The behavior

of the chiral extrapolation in the continuum limit is also reported.

From Figs. 3.2 and 3.3 it can be seen that the impact of discretization effects using

the values of r0/a is almost completely negligible in the case of r0fπ, while it is at the

level of � 10% in the case of r0M2
π/ml (if estimated from the difference between the
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Example of π analysis - Chiral fit in units of r0
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To calculate f+(0) we used ms=99.6(4.1) MeV and 
mu/d=3.70(17) MeV from our previous work 
[arXiv:1403.4504]

The compatibility between ensemble A40.32 
and A40.24 shows that FSE are small

our result:

f+(0): SU(2) Chiral and continuum extrapolation

f+(0)
SU(2) Chiral fit:

fit formula:
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Figure 3.2: Chiral and continuum extrapolation of r0M2
π/ml based on the NLO ChPT fit

given by Eq. (3.12). Lattice data have been corrected for FSE using the CWW approach.
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Figure 3.3: The same as in Fig. 3.2, but for the decay constant r0fπ.

The dependence of our lattice data for r0M2
π/ml and r0fπ on the renormalized quark

mass r0ml is shown at each lattice spacing in Figs. 3.2 and 3.3, respectively. The behavior

of the chiral extrapolation in the continuum limit is also reported.

From Figs. 3.2 and 3.3 it can be seen that the impact of discretization effects using

the values of r0/a is almost completely negligible in the case of r0fπ, while it is at the

level of � 10% in the case of r0M2
π/ml (if estimated from the difference between the
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Example of π analysis - Chiral fit in units of r0

0,03 0,06 0,09 0,12
mlr0

6

9

12

15

18

(M
!2 /m

l)r 0

"=1.90  V=323x64

"=1.90  V=243x48

"=1.95  V=323x64

"=1.95  V=243x48

"=2.10  V=483x96
Continuum limit

0,04 0,08 0,12
mlr0

0,25

0,3

0,35

0,4

0,45

f !
r 0

"=1.90  V=323x64

"=1.90  V=243x48

"=1.95  V=323x64

"=1.95  V=243x48

"=2.10  V=483x96
Continuum limit

Scale setting done with fπ+ = 130.41MeV

(Mπr0)2 = 2(B0r0)(mlr0)
�
1 + ξllog(ξl) + P3ξl + P4

a2

r20
+ 4C2

(4πf0)2
a2

r20
log(ξl)

�
KFSE

M

fπr0 = f0
�
1− 2ξllog(ξl) + P6ξl + P7

a2

r20
− 4C2

(4πf0)2
a2

r20
log(ξl)

�
KFSE

f ξl =
2B0ml
(4πf0)2

Paolo Lami (ETMC) (Roma Tre University,INFN Roma Tre)Quark masses at Nf = 2 + 1 + 1 August 2, 2013 7 / 19
martedì 18 febbraio 2014

giovedì 26 giugno 2014



0.01 0.02 0.03 0.04
ml

R (GeV)

0.96

0.98

1

1.02

1.04

1.06

f(
0)

 

!=1.90  V=323x64

!=1.90  V=243x48

!=1.95  V=323x64

!=1.95  V=243x48

!=2.10  V=483x96
Continuum limit

To calculate f+(0) we used ms=99.6(4.1) MeV and 
mu/d=3.70(17) MeV extracted in our previous work 
[arXiv:1403.4504]

The compatibility between ensemble A40.32 
and A40.24 shows that FSE are small

our result:
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M2K, M2π and fπ appearing in f2 are expressed at 
LO
We also tried  the same fit using fπ instead of f0 
in the definition of f2 obtaining cosistent results
f+(0)=0.9734(40)
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f+(0) - results and sistematics
The results from our analysis:

in particular:

stat+fit is referred to both the statistical uncertainties (including the total error on the 
light and strange quark mass determination) and the uncertainties due to the fitting 
procedure

Chiral extrapolation systematic uncertainties have been evaluated comparing the 
results obtained from two different fit formulae i.e. SU(2) ChPT and SU(3) ChPT 

An estimate of the systematic effects associated to the FSE has not been performed 
yet. However comparing ensembles A40.24 and A40.32 we expect these effect to be 
small compared to the other uncertainties 
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Testing the CKM unitarity
Testing the first row

Figure 2: The plot compares the information for |Vud|, |Vus| obtained on the lattice with
the experimental result extracted from nuclear β transitions. The dotted arc indicates the
correlation between |Vud| and |Vus| that follows if the three-flavour CKM-matrix is unitary.

4.4 Testing the Standard Model

In the Standard Model, the CKM matrix is unitary. In particular, the elements of the first
row obey

|Vu|2 ≡ |Vud|2 + |Vus|2 + |Vub|2 = 1 . (10)

The tiny contribution from |Vub| is known much better than needed in the present context:
|Vub| = 4.15(49) · 10−3 [88]. In the following, we first discuss the evidence for the validity of
the relation (41) and only then use it to analyze the lattice data within the Standard Model.

In Figure 2, the correlation between |Vud| and |Vus| imposed by the unitarity of the CKM
matrix is indicated by a dotted arc (more precisely, in view of the uncertainty in |Vub|, the
correlation corresponds to a band of finite width, but the effect is too small to be seen here).
The plot shows that the data for Nf = 2 + 1 are in good agreement with this constraint.
Numerically, the outcome for the sum of the squares of the first row of the CKM matrix reads
|Vu|2 = 0.985(13). The Standard Model thus passes a nontrivial test that exclusively involves
lattice data and well-established kaon decay branching ratios. Combining the lattice results
for f+(0) and fK±/fπ± in (38) and (40) with the β-decay value of |Vud| quoted in (33), the
test sharpens considerably: the lattice result for f+(0) leads to |Vu|2 = 0.9992(6), while the
one for fK±/fπ± implies |Vu|2 = 1.0000(6), thus confirming CKM unitarity at the permille
level.

Repeating the analysis for Nf = 2, we find |Vu|2 = 1.029(35) with the lattice data alone.
The number is somewhat larger than 1, in accordance with the fact that the dotted curve
passes just outside the blue contour. Moreover, it only concerns the comparison of the Nf = 2

9

1.2 The Cabibbo Kobayashi Maskawa Matrix

In this section we will continue the brief overview on the Standard Model flavour sector by

describing the quark flavour mixing matrix, also known as Cabibbo-Kobayashi-Maskawa

matrix.

This matrix enters the Lagrangian because weak interactions in the quark sector are not

flavour diagonal in the mass eigenstates basis.

1.2.1 Definition & parametrization

In the previous section we applied the transformation (1.27) to the fermionic fields in

order to diagonalize the mass matrices Mi in the Yukawa lagrangian. It is then neces-

sary to investigate the consequences of these transformation in the other part of the SM

lagrangian. In what follows we will only focus on the quark sector being the one related

to the present work.

Let us first note that the matrices U cancel out in all kinetic terms and in the interac-

tion terms between quarks and gluonic fields, because they are both chirally conserving

and flavour diagonal. The interaction terms with the electromagnetic (Aµ) and the neu-

tral weak mediator (Z0) fields remain unchanged too, for the same reason.

The only effect of the rotation is thus present in the charged weak currents which trans-

form as

Jµ† =
1√
2
ūLγ

µdL → 1√
2
ūLγ

µU †
uL
UdLdL . (1.30)

From this expression expression one defines the unitary Cabibbo-Kobayashi-Maskawa

(CKM) [18, 19] flavour mixing matrix as

U †
uL
UdL = VCKM . (1.31)

This matrix connects the interaction eigenstates (d�, s�, b�) with the mass eigenstates

(d, s, b):




d�

s�

b�



 =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb








d

s

b



 . (1.32)

The mass eigenstates are different from the interaction ones and the charged current

interactions mix different flavours with weight Vij in the mass eigenstates basis. It

is worthwhile to underline that within the Standard Model the only flavour changing

mechanism is represented by this matrix and that there are no flavour changing neutral
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currents (FCNC) whose absence is ensured by the unitarity of VCKM .

In the case of three quark generations, the CKM matrix is a 3× 3 unitary complex

matrix which depends on nine real numbers (9×2 = 18 real parameters with 9 unitarity

constraint relations). Exploiting the quark fields phase redefinition freedom (6 − 1 = 5

arbitrary phases) one concludes that VCKM depends only on 4 real parameters, three an-

gles and one phase, which, together with fermion masses, constitute the free parameters

of the flavour quark sector of the Standard Model.

Once the number of the independent physical parameters of this matrix is known,

one can introduce a set of different parametrization for that matrix. The most natural

choice consists in writing the matrix as a product of three different rotations

VCKM =




1 0 0

0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13








c12 s12 0

−s12 c12 0

0 0 1



 , (1.33)

which leads to

VCKM =




c12c13 s12c13 s13e−iδ

−s12c23 − c12c23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c13c23



 , (1.34)

where sij = sin θij, cij = cos θij (and θ12 is the Cabibbo angle) and δ is the phase.

What is important to emphasize is that if δ = 0 the matrix VCKM becomes real and one

has no CP violation in the quark sector too.

Another interesting feature of the matrix is that for a complex phase to be present

in the Standard Model the number of quark generations must be at least three. In

the old Cabibbo version of the theory, which involved only two generations (u, d) and

(c, s), the mixing matrix was a real rotation in flavour space and there was no room

for CP violation. Moreover in order for CP violation to appear, it is necessary that all

quark masses are different because, if this is not the case, by means of suitable unitary

transformation, one could redefine the quark fields eliminating the CP violating phase.

It can be shown that the necessary condition for having CP violation is

(m2
t −m2

c)(m
2
t −m2

u)(m
2
u −m2

c)(m
2
b −m2

s)(m
2
b −m2

d)(m
2
d −m2

s)× JCP �= 0 (1.35)

where we have introduced the Jarlskog parameter [20]

JCP = s12s13s23c12c23c
2
13 sin δ . (1.36)
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4 Leptonic and semileptonic kaon and pion decay and |Vud| and

|Vus|

This section summarises state-of-the art lattice calculations of the leptonic kaon and pion
decay constants and kaon the semileptonic decay form factor and provides an analysis in view
of the Standard Model. With respect to the previous edition of FLAG [1] the data in this
section has been updated, correlations of lattice data are now taken into account in all the
analysis and a sub-section on the individual decay constants fK and fπ (rather than only
the ratio) has been included. Furthermore, when combining lattice data with experimental
results we now take into account the strong SU(2) isospin correction in chiral perturbation
theory for the ratio of leptonic decay constants fK/fπ.

4.1 Experimental information concerning |Vud|, |Vus|, f+(0) and fK±/fπ±

The following review relies on the fact that precision experimental data on kaon decays very
accurately determine the product |Vus|f+(0) and the ratio |Vus/Vud|fK±/fπ± [2]:

|Vus|f+(0) = 0.2163(5) ,

∣

∣

∣

∣

Vus

Vud

∣

∣

∣

∣

fK±

fπ±
= 0.2758(5) . (1)

Here and in the following fK± and fπ± are the isospin broken decay constants, respectively, in
QCD (the electromagnetic effects have already been subtracted in the experimental analysis
using chiral perturbation theory). We will refer to the decay constants in the SU(2)-isospin
symmetric limit as fK and fπ. |Vud| and |Vus| are elements of the Cabibbo-Kobayashi-
Maskawa matrix and f+(t) represents one of the form factors relevant for the semileptonic
decay K0 → π−" ν, which depends on the momentum transfer t between the two mesons.
What matters here is the value at t = 0: f+(0) ≡ fK0π−

+ (t)
t→0

. The pion and kaon decay

constants are defined by1

〈0|dγµγ5 u|π+(p)〉 = i pµfπ+ , 〈0| sγµγ5 u|K+(p)〉 = i pµfK+ .

In this normalization, fπ± % 130 MeV, fK± % 155 MeV.
The measurement of |Vud| based on superallowed nuclear β transitions has now become

remarkably precise. The result of the update of Hardy and Towner [8], which is based on 20
different superallowed transitions, reads2

|Vud| = 0.97425(22) . (2)

The matrix element |Vus| can be determined from semi-inclusive τ decays [15–18]. Sep-
arating the inclusive decay τ → hadrons + ν into non-strange and strange final states, e.g.

1The pion decay constant represents a QCD-matrix-element – in the full Standard Model, the one-pion
state is not a meaningful notion: the correlation function of the charged axial current does not have a pole at
p2 = M2

π+ , but a branch cut extending from M2
π+ to ∞. The analytic properties of the correlation function

and the problems encountered in the determination of fπ are thoroughly discussed in [3]. The “experimental”
value of fπ depends on the convention used when splitting the sum LQCD + LQED into two parts (compare
section 3.1). The lattice determinations of fπ do not yet reach the accuracy where this is of significance, but
at the precision claimed by the Particle Data Group [4], the numerical value does depend on the convention
used [3, 5–7].

2It is not a trivial matter to perform the data analysis at this precision. In particular, isospin breaking
effects need to be properly accounted for [9–13]. For a review of recent work on this issue, we refer to [14].
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section 3.1). The lattice determinations of fπ do not yet reach the accuracy where this is of significance, but
at the precision claimed by the Particle Data Group [4], the numerical value does depend on the convention
used [3, 5–7].

2It is not a trivial matter to perform the data analysis at this precision. In particular, isospin breaking
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1

Kl2

Kl3

our result determination of |Vus|

Kl2

Kl3

(1)   Eur.Phys.J. C69 (2010) 399-424

(3)   Phys.Rev. C79 (2009) 055502

(2)   PoS LATTICE 2013 (Carrasco et al.) 

 (2)

giovedì 26 giugno 2014



Testing the CKM unitarity
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Conclusions
✦ We presented Nf=2+1+1 preliminary results for the 

semileptonic form factor f+(0)

✦ compare with an estimate of f+(0) coming from the 
scalar density

✦ A more detailed analysis of the q2 dependence of the 
form factor and a comparison with the experimental 
data

Future plans:

Summary of the results in comparison with FLAG averages:

* PRL 112 (2014) (Bazavov et. al.)

Table 3: Comparison between different FSE corrections

Quantity No Correction GL CDH CWW
ml(MeV) 3.68(14) 3.76(14) 3.73(13) 3.72(13)
r0(fm) 0.464(12) 0.466(12) 0.468(12) 0.470(12)

l̄3 3.42(20) 3.35(20) 3.34(21) 3.24(25)
l̄4 4.83(9) 4.77(9) 4.76(9) 4.69(10)

B0(MeV) 2548(99) 2497(97) 2500(93) 2515(90)
f0(MeV) 120.8(1) 120.9(1) 120.9(1) 121.1(2)

Table 4: Comparison between different fits

Quantity CWW CWW+Baer
ml(MeV) 3.66(13) 3.72(13)
r0(fm) 0.466(12) 0.470(12)

l̄3 3.45(22) 3.24(25)
l̄4 4.78(9) 4.69(10)

Our results FLAGNf=2 FLAGNf=2+1 FNAL/MILC∗
Nf=2+1+1

f+(0) 0.9683(65) 0.9560(84) 0.9661(32) 0.9704(32)

Table 5: Comparison between different analysis

r0 Analysis M<ss> Analysis
Quantity Chiral Fit Polynomial Fit Chiral Fit Polynomial Fit
ml(MeV) 3.72(13) 3.87(17) 3.66(10) 3.75(13)
r0(GeV −1) 2.39(6) 2.42(7) - -
r0(fm) 0.470(12) 0.477(14) - -

Mss(GeV ) - - 0.672(9) 0.654(10)
a(β = 1.90)(fm) 0.0886(27) 0.0899(31) 0.0868(33) 0.0892(34)
a(β = 1.95)(fm) 0.0815(21) 0.0827(25) 0.0799(27) 0.0820(28)
a(β = 2.10)(fm) 0.0619(11) 0.0628(13) 0.0607(14) 0.0623(15)

B0(MeV) 2515(90) - 2551(73) -
f0(MeV) 121.1(2) - 121.3(2) -

l̄3 3.24(25) - 2.94(20) -
l̄4 4.69(10) - 4.65(8) -

Table 6: Comparison between different analysis
Lattice Spacings

a(β = 1.90) 0.0885(36)fm
a(β = 1.95) 0.0815(30)fm
a(β = 2.10) 0.0619(18)fm

2
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!=1.90  V=243x48

!=1.95  V=323x64

!=1.95  V=243x48

!=2.10  V=483x96
Continuum limit

Chiral and continuum extrapolation of MV

Extrapolating the vector pole mass MV obtained from the fit in q2 of f+ we 
should get a rough estimate of the K* mass  

Our result:

while K* has a mass of 892 MeV
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Continuum limit

Chiral and continuum extrapolation of MV

Excluding the ensemble A30.32 from the chiral and continuum 
extrapolation of f(0) we get 

SU(2) result:

while with all the points we get

So even if A30.32 seems to be off is overall effect is less then 0.1% and therefore marginal
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Ademollo Gatto Theorem

The AG theorem states that in SU(3) limits f+(0)=1 and deviation from unity are of the 
order of (ms-ml)2 

We can test AG theorem plotting Δf=f+(0)-1-f2 divided by (ms-ml)2 as a function ml
notice the the data as been extrapolated at msphys

giovedì 26 giugno 2014



✦ Wilson Twisted Mass action at maximal twist with 
Nf=2+1+1 sea quarks

 

✦ Osterwalder-Seiler valence quark action

On the actionwhere ∇µ and ∇∗
µ
are nearest-neighbor forward and backward covariant derivative, µl

is the light quark mass and M0 is the untwisted mass tuned to its critical value Mcr

as discussed in Ref. [11] in order to guarantee the automatic O(a)-improvement at

maximal twist [20, 21]. Finally in Eq. (6) the twisted masses µσ and µδ are related to

the renormalized strange and charm sea quark mass via the relation [21]

mc,s =
1

ZP

�
µσ ±

ZP

ZS

µδ

�
(7)

with ZP and ZS being the PS and scalar renormalization constants, respectively.

The twisted-mass action (4) is known to lead to a mixing in the strange and charm

sectors [12]. In order to avoid the mixing of K- and D-meson states in the correlation

functions, we adopted a non-unitary set up in which the valence quarks are regularized

as Osterwalder-Seiler (OS) fermions [22]. Thus, the action for each valence quark flavor

qf (f = ll�, ss�, cc�) reads as

Sf

OS
= a4

�
x
qf (x)

�
1

2
γµ(∇µ +∇∗

µ
)− iγ5rf

�
M0 −

a

2
∇µ∇∗

µ

�
+ µf

�
qf (x) . (8)

Each valence doublet is mass-degenerate (µl = µl� , µs = µs� and µc = µc�), and their

Wilson parameters rf are always chosen such that the two valence quark in a PS

meson have opposite r−values. This choice guarantees that the squared PS meson

mass, m2
PS

, differs from its continuum counterpart only by terms of O(a2µ) [20].

The details of our lattice set up are collected in Table 1, where the number of gauge

configurations correspond to a block size of 20 trajectories. At each lattice spacing,

different values of the light sea quark masses have been considered. The light valence

and sea quark masses are always taken to be equal. On the contrary the masses of both

the strange and the charm sea quarks are fixed at each β to a value chosen to be close

to its physical one [11]. To be able to analyze mesons in the strange and charm sectors

we have simulated three values of the valence strange quark mass and six values of the

valence heavy quark mass, which are needed for the interpolation in the physical charm

region as well as to extrapolate possibly to the b-quark sector. In particular, in the

light sector the quark masses were simulated in a range 0.1 mphys

s
� µl � 0.5 mphys

s
,

in the strange sector in 0.7 mphys

s
� µs � 1.2 mphys

s
, while for the charm sector in

0.7 mphys

c
� µc � 2.0 mphys

c
. Quark propagators with different valence masses are

obtained using the so-called multiple mass solver method [24, 25], which allows to

invert the Dirac operator for several quark masses at a relatively low computational

cost.
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The final results we obtained for the quark masses in the MS scheme are:

mu/d(2 GeV) = 3.70(17)MeV ,

ms(2 GeV) = 99.2(3.9)MeV ,

mc(mc) = 1.350(46)GeV , (1)

where the errors are the sum in quadrature of the statistical and systematic uncer-

tainties. We also obtain for the ratios of quark masses the values

mu

md
= 0.486(54) ,

ms

mud
= ... ,

mc

ms
= ... , (2)

which are independent of both the renormalization scheme and scale. For completeness

we give also the values of the SU(3) over isospin quark mass breakings

R ≡ ms −mud

md −mu
= ... ,

Q2 ≡ m2
s −m2

ud

m2
d −m2

u

= ... . (3)

2 Simulation details

The present work is based on the Nf = 2+ 1 + 1 gauge field configurations generated

by the ETMC using the following action

S = Sg + Sl
tm + Sh

tm , (4)

where the gluon action Sg is the Iwasaki one [17]. For the fermions the Wilson twisted-

mass action is adopted, given for the mass-degenerate up/down quark doublet by [18]

Sl
tm = a4

�
x
ψ(x)

�
1

2
γµ(∇µ +∇∗

µ)− iγ5τ
3
�
M0 −

a

2
∇µ∇∗

µ

�
+ µl

�
ψ(x) (5)

and for the strange and charm doublet by [19]

Sh
tm = a4

�
x
ψ(x)

�
1

2
γµ(∇µ +∇∗

µ)− iγ5τ
1
�
M0 −

a

2
∇µ∇∗

µ

�
+ µσ + µδτ

3

�
ψ(x), (6)
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Light degenerate doublet

Heavy non degenerate doublet
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